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m Add and Subtract Fractions with Different Denominators

Learning Objectives

By the end of this section, you will be able to:
Find the least common denominator (LCD)
Convert fractions to equivalent fractions with the LCD
Add and subtract fractions with different denominators
Identify and use fraction operations
Use the order of operations to simplify complex fractions

Evaluate variable expressions with fractions

Find the Least Common Denominator

In the previous section, we explained how to add and subtract fractions with a common denominator. But

how can we add and subtract fractions with unlike denominators?

Let's think about coins again. Can you add one quarter and one dime? You could say there are two coins,
but that's not very useful. To find the total value of one quarter plus one dime, you change them to the
same kind of unit—cents. One quarter equals 25 cents and one dime equals 10 cents, so the sum is 35

cents. See Figure 4.7.

25¢C + 10¢
35¢

. . 35
Figure 4.7 Together, a quarter and a dime are worth 35 cents, or To0 2 dollar.

Similarly, when we add fractions with different denominators, we have to convert them to equivalent

fractions with a common denominator. With the coins, when we convert to cents, the denominator is 100.

25 10 10
Since there are 100 cents in one dollar, 25 cents is—— and 10 cents is——. Sowe add— + —to
100 100 100

35
get —, which is 35 cents.
100

You practiced adding and subtracting fractions with common denominators. Now let's see what you need

to do with fractions that have different denominators.

1 1

First, we will use fraction tiles to model finding the common denominator of — and E
1 1 1
We'll start with one 5 tile and 5 tile. We want to find a common fractions that we can use to match both 5
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1
and E exactly.

1 1 1
If we try the 1 pieces, 2 of them exactly match the > piece, but they do not match the 3 piece.

1 1

2 3
1

1 1
4 4 4 4

If we try the —' pieces, they do not exactly cover the < piece or the —; piece
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If we try the = pieces, we see that exactly 3 of them cover the 3 piece, and exactly 2 of them cover the 3 piece
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If we were to try the ﬁ pieces, they would also work
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1 1 1 1
Even smaller tiles, such as Z and E , would also exactly cover the E piece and the 5 piece.

The denominator of the largest piece that covers both fractions is the least common denominator (LCD) of

1 1
the two fractions. So, the least common denominator OfE and E is 6.

1 1
Notice that all of the tiles that cover > and 3 have something in common: Their denominators are common

1 1
multiples of 2 and 3, the denominators ofz and g The least common multiple (LCM) of the denominators is

1 1
6, and so we say that 6 is the least common denominator (LCD) of the fractions — and —.

NOTE

Doing the Manipulative Mathematics activity Finding the Least Common Denominator will help you develop
a better understanding of the LCD.

NOTE: Least Common Denominator

The least common denominator (LCD) of two fractions is the least common multiple (LCM) of their
denominators.
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Chapter 4 Fractions

To find the LCD of two fractions, we will find the LCM of their denominators. We follow the procedure we

used earlier to find the LCM of two numbers. We only use the denominators of the fractions, not the

numerators, when finding the LCD.

5

7
Find the LCD for the fractions — and —.
12 18

Factor each denominator into its primes.

List the primes of 12 and the primes of 18 12=2¢2+3
lining them up in columns when possible. 18 =2+ 33
Bring down the columns. 12 = % 2 ?
18 =2 I 33
\ .
LCM =2¢2+3+3
Multiply the factors. The product is the LCM = 36
LCM.
The LCM of 12 and 18 is 36, so the LCD of -~ and - is 36.
LCD of 5 and ~ is 36 .
12 18 '
TRYIT:4.125
7 11

Find the least common denominator for the fractions: E and —

) Solution
60

TRYIT:4.126

1
Find the least common denominator for the fractions: E and —.

) Solution

15

17
5
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15

To find the LCD of two fractions, find the LCM of their denominators. Notice how the steps shown below are

similar to the steps we took to find the LCM.

|Z| HOW TO: FIND THE LEAST COMMON DENOMINATOR (LCD) OF TWO FRACTIONS.

Step 1.
Step 2.
Step 3.
Step 4.

Step 5.

EXAMPLE 4.64

8
Find the least common denominator for the fractions 1—5 and —

Factoreach denominatorintoits primes.

List the primes, matching primes in columns when possible.
Bring down the columns.

Multiply the factors. The product is the LCM of the denominators.

The LCM of the denominators is the LCD of the fractions.

11
24

Solution
To find the LCD, we find the LCM of the denominators.

Find the LCM of 15 and 24.

15 =

3.5

24=2.2.2.3

LCD=2-2-2-3-5

LCD = 120

8 11
The LCM of 15 and 24 is 120. So, the LCD of — and — is 120.

15 24

m TRY1T:4.127

13
Find the least common denominator for the fractions: Z and —

17
32

Solution

96

>| TRYIT:4.128

9
Find the least common denominator for the fractions: — and —

21
28 32

Solution

224
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Convert Fractions to Equivalent Fractions with the LCD

1 1 1
Earlier, we used fraction tiles to see that the LCD ofz and P is 12. We saw that three 1 pieces exactly

1 1 1
covered Z and two E pieces exactly covered g , SO

l=iandl=i.
4 12 6 12
1 il
4 6
A el il B e
12112 | 12 12 | 12

1 3 1 2
We say that Z and E are equivalent fractions and also that g and E are equivalent fractions.

We can use the equivalent fractions property to algebraically change a fraction to an equivalent one.
Remember, two fractions are equivalent if they have the same value. The equivalent fractions property is

repeated below for reference.

EQUIVALENT FRACTIONS PROPERTY

If @, b, ¢ are whole numbers whereb # 0,c # 0, then

a a *"Cc da-c_a
b bc ™ Bb-c b

To add or subtract fractions with different denominators, we will first have to convert each fraction to an

1 1
equivalent fraction with the LCD. Let's see how to change 1 and g to equivalent fractions with denominator

12 without using models.

1 1
Convert to 1 and P to equivalent fractions with denominator 12, their LCD.
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Chapter 4 Fractions

Solution
. 1 1.
Find the LCD. The LCD of 7 and = is 12.
Find the number to multiply 4 to get 12. 4 -3=12
6-2=12
Find the number to multiply 6 to get 12.
1 1
Use the equivalent fractions property to convert each fraction to an 4 6
equivalent fraction with the LCD, multiplying both the numerator 1-3 1-2
and denominator of each fraction by the same number. 4-3 6-2
3
. . . 12 12
Simplify the numerators and denominators
1 1
4 12 6 12

We do not reduce the resulting fractions. If we did, we would get back to our original fractions and lose

the common denominator.

TRY I1T:4.129

Change to equivalent fractions with the LCD:
3 5
—and —, LCD =12
4 6
Solution
9 10

12’12

TRY IT:4.130

Change to equivalent fractions with the LCD:
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Chapter 4 Fractions 352

7 11
— —and —, LCD =60
12 15

Solution

35 44
60 '60

E HOw TO: CONVERT TWO FRACTIONS TO EQUIVALENT FRACTIONS WITH THEIR LCD AS THE COMMON
DENOMINATOR.

Step 1. Find the LCD
Step 2. For each fraction, determine the number needed to multiply the denominator to get the LCD

Step 3. Use the equivalent fractions property to multiply both the numerator and denominator by the number
you found in Step 2.

Step 4. Simplify the numerator and denominator.

EXAMPLE 4.66

8 11
Convert = and 2 to equivalent fractions with denominator 120, their LCD.

Solution
The LCD is 120. We will start at Step 2.
Find the number that must multiply 15 to get 120. 15 -8 =120
Find the number that must multiply 24 to get 120. 24 -5=120
. ) 8-8 11 -5
Use the Equivalent Fractions Property. 15 -8 24 -5
Simplify the numerators and denominators. ﬁ i
120 120
_ _ _ 13 17
TRY 1T:4.131 Change to equivalent fractions with the LCD: 2 and 32 LCD 96
Solution
52 51
96 ' 96
. . . - 9 27
TRY I1T:4.132 Change to equivalent fractions with the LCD: o8 and 37 LCD 224
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Solution
72 189
224’ 224

Addand SubtractFractionswith Different Denominators

Once we have converted two fractions to equivalent forms with common denominators, we can add or

subtract them by adding or subtracting the numerators.

|Z| HOW TO: ADD OR SUBTRACT FRACTIONS WITH DIFFERENT DENOMINATORS.

Step 1. Find the LCD.

Step 2. Convert each fraction to an equivalent form with the LCD as the denominator.
Step 3. Add or subtract the fractions.

Step 4 . Write the result in simplified form.

EXAMPLE 4.67

1 1
Add —and —
2 3

Solution
1 1
4=
2 3
Find the LCD of 2, 3.
2=2
3= 3
ILCD=2-3
LCD =6
Change into equivalent fractions with the LCD 6. 1-3 + 1-2
2-3 3-2
3 2
Simplify the numerators and denominators. 57 %
5
Add. 6

Remember, always check to see if the answer can be simplified. Since 5 and 6 have no common factors, the

5
fraction E cannot be reduced.
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TRY IT: 4.133 Add:

S
+
W

) Solution

12

TRY IT: 4.134 Add:

) Solution

N |-
+
vl =

EXAMPLE 4.68

1 1
Subtract: — — (— —) .
2 4

Solution

b3 =
—
-
e

Find the LCD of 2 and 4

2=2

4=2.2
LCD=2.2
LCD =4

Rewrite as equivalent fractions using the LCD 4 1-2 (_l
7)

oIl i / 1 fi f i 2 - - i
Simplify the first fraction : ( 4)

Subtract 2 — (1)

Simpilify.

e

One of the fractions already had the least common denominator, so we only had to convert the other fraction.

TRY IT: 4.135 Simplif 'l - (— l)
14 p y.2 )

) Solution

5
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Chapter 4 Fractions

) 1 1
TRY IT: 4.136S|mpllfy:§ — (— g)

) Solution

N =

354

7 5
Add: — + —
12 18
Solution
7 5
12 18
Find the LCD of 12 and 18.
12=2-2-3
18=2- 3-3
ICD=2-2-3-3
LCD =36
73 5:2
Rewrite as equivalent fractions with the LCD. 12-3 * 18 -2
21 10
— + —
Simplify the numerators and denominators. 36 36
Add. 31
36

Because 31 is a prime number, it has no factors in common with 36. The answer is simplified.

TRY IT: 4.138

7 11
Add: — + —
12 15
Solution
79
60
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TRY IT: 4.139

13 | 17
Add: — + —
15 20

Solution

103
60

When we use the equivalent fractions property, there is a quick way to find the number you
need to multiply by to get the LCD. Write the factors of the denominators and the LCD just as
you did to find the LCD. The “missing” factors of each denominator are the numbers you need.

missing
factors

12=2+2+
18=2- “3-3

LCD=2+2+3+3
LCD =36

The LCD, 36, has 2 factors of 2 and 2 factors of 3.

Twelve has two factors of 2, but only one of 3 —so it is "missing"one 3. We multiplied the numerator and

7
denominator of - by 3 to get an equivalent fraction with denominator 36.

5
Eighteen is missing one factor of 2 —so you multiply the numerator and denominator 1_8 by 2 to get an

equivalent fraction with denominator 36. We will apply this method as we subtract the fractions in the next

example.

7 19
Subtract: — — —
15 24
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356

Solution
7 19
15 24
Find the LCD.
15 = 3-5
24=2.2-2-3
ICD=2.2-2-3-5
LCD = 120
15 is "missing" three factors of 2
24 is "missing" a factor of 5
Rewrite as equivalent fractions with the LCD. 7.8 19 -5
158 24 -5
56 95
Simplify each numerator and denominator. 120 120
39
Subtract. T 120
13.3
Rewrite showing the common factor of 3. 403
13
40

Remove the common factor to simplify.

. 13 17
IL‘ TRYIT: 4139 Subtract: — — —
24 32
) Solution
1
96
. 21 9
TRY 1T:4.140 Subtract; — — —
32 28
Solution
75
224
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EXAMPLE 4.71

11, 23
Add: — 30 + VA
Solution
11 4 23
30 42
Find the LCD.
30=2-3-5
42=2-3. 17
LCD=2-3-5-7
LCD =210
Rewrite as equivalent fractions with the LCD — u — E
30 -7 42 -5
Simplify each numerator and denominator. — 1 + 1_15
210 210
Add. 38
210
. . 19 -2
Rewrite showing the common factor of 2.
105 -2
. . 19
Remove the common factor to simplify. 105

TRY IT: 4.141 Add: — 33 4 17

T 42 35"
Solution
37
210
. . 19, 17
TRY 1T:4.142 Add.—ﬁ 75
Solution
25
96
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Chapter 4 Fractions

In the next example, one of the fractions has a variable in its numerator. We follow the
same steps as when both numerators are numbers.

3 X
Add: — + —.
5 8

Solution

The fractions have different denominators

e
EA0Y

Find the LCD

|
2
+
00| =
L

Rewrite as equivalent fractions with the LCD

o0
Ln

Simplify the numerators and denominators

= o
-

|
1
=g

15
S

| 5z
40

Add.

We cannot add 24 and 5x since they are not like terms, so we cannot simplify the expression any further.

m TRY IT: 4.143 Add:

o=

7
+ 0.

Solution

3y + 14
18

. X 7
TRY IT: 4.144 Add: z + ic -

Solution

5x + 14
30
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Identify and Use Fraction Operations

By now in this chapter, you have practiced multiplying, dividing, adding, and subtracting
fractions. The following table summarizes these four fraction operations. Remember: You
need a common denominator to add or subtract fractions, but not to multiply or divide
fractions

Summary of Fraction Operations

Fraction multiplication: Multiply the numerators and multiply the denominators.
a ¢ _ ac
b d_bd
Fraction division: Multiply the first fraction by the reciprocal of the second.
a ¢ a d

b d b c
Fraction addition: Add the numerators and place the sum over the common denominator. If
the fractions have different denominators, first convert them to equivalent forms with the LCD.

+ —=
c Cc

a b a+b
c

Fraction subtraction: Subtract the numerators and place the difference over the common
denominator. If the fractions have different denominators, first convert them to equivalent
forms with the LCD.

a b a-b
c ¢ cC

Simplify:
1 1
1. @_Z + s
1 .1
2. @_Z S
! Solution

First we ask ourselves, “What is the operation?”
®The operation is addition.

Do the fractions have a common denominator? No.
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Chapter 4 Fractions

Find the LCD.

4=2:2
6=2- 3

ICD=2-2-3
LCD =12

Rewrite each fraction as an equivalent fraction with the LCD.

Simplify the numerators and denominators.

Add the numerators and place the sum over the common denominator.

Check to see if the answer can be simplified. It cannot.

®The operation is division. We do not need a common denominator.

To divide fractions, multiply the first fraction by the reciprocal of the second.

Multiply.

Simplify.

360

N
@ =

-
& =

I
- -
=]

|
e

TRY IT: 4.145

) Solution
11

1 @ 13
1

2. - 8

TRY IT: 4.146

) Solution
10
1. -3
13
2. ©- 5

Simplify each expression:

31
L @773

Simplify each expression:

L et ()

6 4
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EXAMPLE 4.74

Simplify:
5 3
1. @=-——
@ X 10
5 3
AT

) Solution

(@ The operation is subtraction. The fractions do not have a common denominator.

Rewrite each fraction as an equivalent fraction with the LCD, 30.

Subtract the numerators and place the difference over the common denominator.

30
® The operation is multiplication; no need for a common denominator
sz 3
6 10
To multiply fractions, multiply the numerators and multiply the denominators. %
Rewrite, showing common factors Kz
2324
Remove common factors to simplify. f

TRY IT:4.147 Simplify:

3 8

1. - =
®a 9

3 8
@a9

) Solution
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TRY IT:4.148 Simplify:
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Chapter 4 Fractions

4 5
1. @;‘l‘g
4 5
2 037
Solution
24
1. @?
24
2. @7

Use the Order of Operations to Simplify Complex Fractions

In Multiply and Divide Mixed Numbers and Complex Fractions, we saw that a complex fraction is a fraction

in which the numerator or denominator contains a fraction. We simplified complex fractions by rewriting

them as division problems. For example,

|
]| U

ool L[| wo
A w

Now we will look at complex fractions in which the numerator or denominator can be simplified. To follow
the order of operations, we simplify the numerator and denominator separately first. Then we divide the

numerator by the denominator.

HOW TO: SIMPLIFY COMPLEX FRACTIONS.
Step 1. Simplify the numerator.

Step 2. Simplify the denominator.
Step 3. Divide the numerator by the denominator.

Step 4. Simplify if possible.
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364

EXAMPLE 4.75

12

Lo N2
Simplify: 4432

443
: . 1

Simplify the numerator. 3

4+3°
Simplify the term with the exponent in the denominator. }

449
Add the terms in the denominator. —;

13
Divide the numerator by the denominator. % +13
Rewrite as multiplication by the reciprocal. i Tls
Multiply. 1

52

TRY 1T:4.149 Simplify.

) Solution

TRY 1T: 4.150 Simplify.

) Solution
272
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365

EXAMPLE 4.76

1 + 2

2 3
Simplify: 3 1 -

4 6
) Solution

Rewrite numerator with the LCD of 6 and denominator with LCD of 12.

Add in the numerator. Subtract in the denominator.

Divide the numerator by the denominator.

Rewrite as multiplication by the reciprocal.

Rewrite, showing common factors.

Simplify.
1 1
313
TRY IT: 4.151 Simplify: 3 1
4 3
) Solution
2
2 1
> . . 3 2
TRY IT: 4.152 Simplify: T—1
_+ —_
_ 4 3
) Solution
2
7

e fes|es) —
o] = | cal va

ol e
=3 |

==
=

o |—a
“|e

o |=a
~ |2

=
=

|

it
\‘L

ro
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Chapter 4 Fractions 366

Evaluate Variable Expressions with Fractions

We have evaluated expressions before, but now we can also evaluate expressions with fractions.
Remember, to evaluate an expression, we substitute the value of the variable into the expression

and then simplify.

EXAMPLE 4.77

1
Evaluate X + 3 when

1
1. @x =—-=
3
3
2. bx =—-.
4
Solution
@ To evaluate = + é when & = —%, substitute —% for & in the expression
r+ 1
3
Substitute — ] for x 2l + 1
3 g 3°3
Simplify. 0
@© To evaluate ¢ + % when x = —%‘ we substitute —% for  in the expression
T + _!_
3
3 3 .
Substitute —— for x. —— =
4 §%3
Rewrite as equivalent fractions with the LCD, 12. _% + .;‘_j
Simplify the numerators and denominators —1% + 14—,)
Add. _1_02
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. 3
TRYIT: 4153 Evaluate X + " when

7
1. @x = _Z
2. bx = _Z
Solution
1. @—1
1
2. ®_E
O] TRYIT s Evaluate: y + %when
1. @y=-
2. by=—-
Solution
7
1. @g
1
2. @_Z

EXAMPLE 4.78

5
Evaluate: Yy — P when Yy = — 3
' Solution

2
We substitute — 3 for yin the expression.

, 2 5
Substitute — 3 fory. ~5=%

Rewrite as equivalent fractions with the LCD, 6 —
Subtract. —%

Simplify =
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368

. 1
TRYIT: 4.155 Evaluate: y — — when y =

) Solution

) 3
TRY IT: 4.156 Evaluate: X — = when X

) Solution
23

8

EXAMPLE 4.79

1 2
Evaluate: 2X2y when X = ;andy =—23.
/) Solution
2%y
. ;| 1 \2
Substitute —- for x and for y. 2(1) ( )
Simplify exponents first N 2
2(16)(_ 3)
Multiply. The product will be negative. 2.1 2
1 16 3
Simplify _i
48
Remove the common factors. 1-4
A-12
Simplify _“L
12
. 2 1
TRYIT: 4157 Evaluate: 3ab? when a = —3 and b = —
“) Solution
1
2
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. 1 4
TRYIT: 4158 Evaluate: 4c%d when ¢ = —3 and d = —3

Solution

wl N

+
Evaluate: pr_q whenp = —4,q = —2,and r = 8.

Solution
We substitute the values into the expression and simplify.

Substitute -4 for p, -2 for g and 8 forr. -4 +

Add in the numerator first _g

Simplify. _%

. a+b
TRY IT: 4.159 Evaluate® T when @ = —8,b = -7, and c = 6.

Solution
5

2

. X+
TRY I1T: 4.160 Evaluate: Ty when x =9, y = —18,and z = —6.

Solution

N W
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Key Concepts

Find the least common denominator (LCD) of two fractions.

1. Factor each denominator into its primes.

2. List the primes, matching primes in columns when possible.

3. Bring down the columns.

4. Multiply the factors. The product is the LCM of the denominators.

5. The LCM of the denominators is the LCD of the fractions.
Equivalent Fractions Property

o Ifa b, ¢ are whole numbers whereb # 0,c # 0, then
a-c a-c

a d _a
b b-c ™ b cT b

Convert two fractions to equivalent fractions with their LCD as the common denominator.
1. Find the LCD.
2. For each fraction, determine the number needed to multiply the denominator to get the LCD.
3. Use the equivalent fractions property to multiply the numerator and denominator by the
number from Step 2.
4. Simplify the numerator and denominator.
Add or subtract fractions with different denominators.
1. Find the LCD.
2. Convert each fraction to an equivalent form with the LCD as the denominator.
3. Add or subtract the fractions.
4. Write the result in simplified form.
Summary of Fraction Operations

o Fraction multiplication: Multiply the numerators and multiply the denominators.

ac

a c
b d bd

o Fraction division: Multiply the first fraction by the reciprocal of the second.

Sl
Q| n
Sl Q
o
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o Fraction addition: Add the numerators and place the sum over the common denominator. If
the fractions have different denominators, first convert them to equivalent forms with the
LCD.

+

a b_ a+b
c c

c

o Fraction subtraction: Subtract the numerators and place the difference over the common
denominator. If the fractions have different denominators, first convert them to equivalent
forms with the LCD.

ala
I
Qs
Q
|
S

¢ Simplify complex fractions.
1. Simplify the numerator.
2. Simplify the denominator.
3. Divide the numerator by the denominator.
4

Simplify if possible.
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